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Abstract—This paper proposes low bit rate video coding
algorithm based on multiplication-free three-dimensional discrete
pseudo cosine transform (3-D DPCT) and Context-Adaptive
Binary Range Coder (CABRC). Video source rate control based
on adaptive Lagrange multiplier selection is introduced. Practical
results which show the compression efficiency of the proposed
algorithm in comparison with H.264/AVC standard are presented.

I. INTRODUCTION

One of the top tasks for video streaming, video surveillance,
video conferencing and video broadcasting is a low bit rate
and real-time video coding. The most popular low bit rate
video compression approach is based on the H.264/AVC
standard [1]. This standard provides high compression ef-
ficiency due to hybrid video coding which includes intra-
frame prediction, variable-size block motion estimation and
compensation, variable-size transform, high efficiency entropy
coding etc.

As an alternative, this paper proposes a low bit rate video
coding approach based on three-dimensional discrete pseudo
cosine transform (3-D DPCT). This approach uses faster
arithmetic coder implementation than H.264/AVC, does not
use motion estimation for exploiting video source temporal
redundancy and as well as H.264/AVC uses multiplication-free
transform and division-free quantization. From this it follows
that 3-D DPCT codec has lower computational complexity
than main profile of H.264/AVC standard. At the same time
it has high compression efficiency at low bit rates. Therefore,
proposed video coding algorithm can be attractive for low bit
rate video communication.

II. 3-D DPCT CODEC SCHEME

Figure 1 shows main scheme of the video coding based on
3-D DPCT. This scheme is typical for a video compression
based on three-dimensional discrete cosine transform (for
example, see [2]) and can be described as follows.

First, necessary number of video frames is accumulated in
the input frame buffer and divided into non-intersecting three-
dimensional blocks (for example into cubes 8× 8× 8). Each
cube can be compressed in following five modes:

1) Skip mode;
2) 3-D DPCT mode;
3) 2-D DPCT mode;
4) Inter-frame prediction and 3-D DPCT mode;
5) Inter-frame prediction and 2-D DPCT mode.

If compression mode is Skip mode, then current cube is not
encoded and transmitted.

In 3-D DPCT mode three-dimensional discrete pseudo co-
sine transform and division-free quantization are used. Then,
the quantized DCT coefficients are losslessly compressed by
using adaptive 3-D scan order, zero-run-length coding and
Context Adaptive Binary Range Coder (CABRC).

In 2-D DPCT mode two-dimensional discrete pseudo cosine
transform (2-D DPCT) is used instead of 3-D DPCT. This
approach allows to decrease visual artifacts for frames with
scene changes.

In addition, redundancy between frames is exploited by
inter-frame prediction. In this case, last reconstructed 8 × 8
block of the corresponding previous cube is used for the
prediction of the current cube.

Rate controller chooses compression mode and quantization
step for each cube depending on required bit rate.

The rest of the paper is organized as follows. Section III
describes the multiplication-free three-dimensional discrete
pseudo cosine transform and division-free quantization. Sec-
tion IV introduces adaptive 3-D scan order of the quantized
DCT coefficients. Section V proposes Context Adaptive Bi-
nary Range Coder with probability estimation by “Virtual
Sliding Window“. Section VI presents one-pass rate control
algorithm based on adaptive Lagrange multiplier selection.
Finally, section VII shows compression efficiency of proposed
algorithm in comparison to H.264/AVC for constant quantiza-
tion step mode and constant bit rate mode.

III. IMPLEMENTATION OF THREE-DIMENSIONAL DISCRETE
COSINE TRANSFORM AND QUANTIZATION

A. 3-D DCT and quantization
Traditionally, forward discrete cosine transform for cube

N ×N ×N is defined as

F (i, j, k) =

√
8
N3

c(i)c(j)c(k)
N−1∑
z=0

N−1∑
y=0

N−1∑
x=0

f(x, y, z)×

× cos
[
(2x+ 1)πi

2N

]
cos

[
(2y + 1)πj

2N

]
cos

[
(2z + 1)πk

2N

]
,

(1)
where f(x, y, z) is a luma or chroma value with coordinates
x, y, z ∈ [0, ..., N − 1], F (i, j, k) is transform coefficient with
coordinates i, j, k ∈ [0, ..., N − 1] and

c(k) =
{ 1√

2
, k = 0

1, k 6= 0.
(2)
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Figure 1. Proposed video codec scheme based on three-dimensional discrete pseudo cosine transform

Inverse discrete cosine transform for cube N × N × N is
defined as

f(x, y, z) =
N−1∑
i=0

N−1∑
j=0

N−1∑
k=0

√
8
N3

c(i)c(j)c(k)F (i, j, k)×
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]
cos
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]
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(3)
After 3-D DCT calculation, scalar quantization is used for each
transform coefficient:

Fq(i, j, k) =
F (i, j, k) + f · q

q
, (4)

where q is a quantization step, f ∈ [0, ..., 0.5].
Fast calculation of 3-D DCT can be achieved by using the

row-column-frame (RCF) approach based on 1-D DCT or by
using 3D vector radix (3-D VR) approach based on partition-
ing an N × N × N transform into smaller transforms, until
2× 2× 2 transform is reached [3]. These two methods allow
to calculate 3-D DCT by using 3N3 log2N and 14

8 N
3 log2N

multiplications respectively and 9N3 log2−6N3 + 6N2 addi-
tions.

Thus, traditional implementation of 3-D DCT and scalar
quantization requires more than N3 log2N multiplications and
N3 divisions.

B. Multiplication-free 3-D DPCT and division-free quantiza-
tion

The further decrease of the computational complexity can
be achieved by using multiplication-free three-dimensional
discrete pseudo cosine transform and division-free scalar quan-
tization. It is necessary to notice that the same approach is
used in H.264/AVC standard [1] and we propose to extend
this technique on a three-dimensional case.

Firstly, let us describe the division-free implementation
of the scalar quantization. In [4] it is proposed to quantize
transform coefficient x in the following way:

Xq =
x ·A(QP ) + f · 220

220
, (5)

and to calculate reconstructed coefficient as

xr =
Xq ·B(QP )

220
, (6)

where f ∈ [0, ..., 0.5], QP ∈ [0, ..., 31] is a quantization
parameter, A(QP ) and B(QP ) are defined taking into account
that A(QP )·B(QP ) ≈ 240 (see Table I). The rest of the values

Table I
DIVISION-FREE SCALAR QUANTIZATION

QP 0 1 2 3 4 5
q(QP ) 2.5 2.8 3.2 3.5 4 4.5
A(QP )

676
620 553 492 439 391 348

B(QP )

676
3881 4351 4890 5481 6154 6914

A(QP ) and B(QP ) for QP > 5 are defined taking into ac-
count that 2A(QP+6) = A(QP ) and B(QP+6) = 2B(QP ).
Therefore, quantization process can be written as [5]:

Xq =
x ·A(qM ) + f · 220+qE

220+qE
, (7)

and inverse quantization process as

xr =
Xq ·B(qM )

220−qE
, (8)

where qM = QP%6 and qE =
⌊
QP

6

⌋
. Thus, (7) and (8)

correspond to scalar quantization (4) with quantization step
q(QP ) (see Table I) and can be implemented without division.

Let us describe the multiplication-free discrete cosine trans-
form. For the sake of simplicity, let us consider the case of
one-dimensional transform over a vector-column x of length
8. Then discrete cosine transform can be calculated as:

X = T · x, (9)
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where

T =



g g g g g g g g
a b c d −d −c −b −a
e f −f −e −e −f f e
b −d −a −c c a d −b
g −g −g g g −g −g g
c −a d b −b −d a −c
f −e e −f −f e −e f
d −c b −a a −b c −d


, (10)

where a =
1
2

cos
( π

16

)
, b =

1
2

cos
(

3π
16

)
etc. Taking into

account orthogonality property TTT = I , inverse discrete
cosine transform can be calculated as:

xr = TT ·X. (11)

For multiplication-free implementation of discrete cosine
transform in [6], [7] it is proposed to use approximation of
matrix T by matrix

H =



8 8 8 8 8 8 8 8
12 10 6 3 −3 −6 −10 −12
8 4 −4 −8 −8 −4 4 8
10 −3 −12 −6 6 12 3 10
8 −8 −8 8 8 −8 −8 8
6 −12 3 10 −10 −3 12 −6
4 −8 8 −4 4 8 −8 4
3 −6 10 −12 12 −10 6 −3


(12)

On the one hand, matrix H is close to matrix T . On the other
hand, H ·x and HT ·X can be calculated by using 32 additions
and 10 shifts only (see program example in [8]). It is necessary
to take into account that:

HT ·D ·H = I, (13)

where D is a diagonal matrix. As a result, forward transform
can be written as:

X = D ·H · x = (H · x)⊗ d, (14)

where d = D · e, e is a unit vector of length 8 and ⊗ means
element-by-element multiplication. Inverse transform can be
calculated as:

xr = HT ·X. (15)

From (14) it follows that forward transform requires 8 multi-
plications. It is possible to avoid it by carrying over multiplica-
tions into quantization procedure (7). In this case quantization
procedure is modified as following:

Xq =
x ·A′(qM , i) + f · 220+qE

220+qE
, (16)

where A′(qM , i) = A(qM ) · di.
Extending the method described above, 3-D discrete pseudo

cosine transform can be calculated by using the row-column-
frame approach based on 1-D discrete pseudo cosine trans-
form.

C. Transforms comparison

Table II contains number of operations which is needed
for fast calculation of 3-D DCT and 3-D DPCT. These
results show that computational complexity of 3-D DPCT is
significantly less than computational complexity of 3-D DCT.

Table II
TRANSFORMS COMPUTATIONAL COMPLEXITY FOR CUBE 8× 8× 8

Transform Multiplications Divisions Additions
3-D DCT (RCF [3]) and
quantization

4608 512 11136

3-D DCT (3-D VR [3]) and
quantization

2688 512 11136

3-D DPCT and modified
quantization

512 0 6144

IV. ADAPTIVE 3-D SCAN ORDER SELECTION

After quantization, the DCT coefficients are scanned in
three-dimensional domain and ordered into a one-dimensional
string which is compressed by entropy coder after zero-run-
length coding. Scanning order should group zero-valued DCT
coefficients at the end of the string to increase zero-run-length
coder efficiency.

In previous papers related to 3-D DCT coding, different
scanning orders of DCT coefficients have been proposed, such
as plane-by-plane 2-D scanning, 3-D extension of the zig-zag
scan [10] and more complex, parabolic scan [11]. However, all
of these scan patterns base on “average“ statistical properties
of 3-D DCT domains. In this paper it is proposed to use
different scan orders depending on DCT coefficients allocation
in each 3-D DPCT domain.

Let us define value of luma or chroma color component of
current cube after 3-D DPCT and quantization as c(x, y, z).
For cube c, which has at least one non-zero coefficient, values
px, py and pz are calculated:

px = min i, that
i∑

x=0

N−1∑
y=0

N−1∑
z=0

c(x, y, z) 6= 0,

py = min i, that
N−1∑
x=0

i∑
y=0

N−1∑
z=0

c(x, y, z) 6= 0,

pz = min i, that
N−1∑
x=0

N−1∑
y=0

i∑
z=0

c(x, y, z) 6= 0.

(17)

If px < min{py, pz, pmax} then DCT coefficients with x-
coordinate {0, ..., px} are scanned only (x-scan order), where
pmax is parameter which limits the number of scan orders.
If py < min{px, pz, pmax} then DCT coefficients with y-
coordinate {0, ..., py} are scanned only (y-scan order). If px <
min{px, pz, pmax} then DCT coefficients with z-coordinate
{0, ..., pz} are scanned only. Otherwise, default 3-D scan order
is used (z-scan order). As a result, proposed approach uses
3 · pmax + 1 scan orders.

63



V. CONTEXT-ADAPTIVE BINARY RANGE CODER

A. Adaptive binary range coder

Adaptive binary arithmetic encoding is included in
modern standards of video compression, for example in
H.264/AVC standard [1]. One the one hand, this standard uses
multiplication-free and low-memory implementation of binary
arithmetic encoder. On the other hand, this implementation
uses bits as output bit stream element and does bit renormal-
ization at a time. As an alternative, range coders use bytes
as output bit stream element and does byte renormalization at
a time [13]. It allows to significantly increase compression
speed at insignificant reduction of compression efficiency.
In this paper the binary range coder with Subbotin’s [14]
renormalization and probability estimation by “Virtual Sliding
Window“ is proposed.

B. Probability estimation based on “Virtual Sliding Window“

Probability estimation algorithm based on “Virtual Sliding
Window“ (VSW) was introdused by author together with
A. Turlikov and M. Gilmutdinov in [9]. Let us define xi ∈
{0, 1} as output symbol with number i of the discrete binary
source. Then probability estimation that xi+1 is equal to one
is defined as p̂i+1 = si

22W , where 22W is a window length and
si is a virtual sliding window state which is recalculated by
the following rule

si+1 =


si +

⌊
22W − st + 2W−1

2W

⌋
, if xi = 1

si −
⌊
si + 2W−1

2W

⌋
, if xi = 0.

(18)

For stationary memoryless sources window length expan-
sion increases probability estimation precision and improves
compression rate. For arbitrary source window length ex-
pansion may reduce estimation precision. Therefore, optimal
window length selection is a complex problem because sta-
tistical properties of sources corresponding to context models
are unknown a priori. In [9] the following simple heuristic
algorithm of window length selection is proposed. Let us
define L = {22w1 , 22w2 , ..., 22wl} as set of window lengths.
The output of the binary source is encoded and then window
length is selected from the set L. During encoding probability
estimations p̂i(w1), p̂i(w2), ..., p̂i(wl) are calculated. After en-
coding, bitstream length estimation is calculated by equation:
R(wk) =

∑
i r̂i(wk), where

r̂i(wk) =
{
− log2 p̂i(wk), if xi = 1,
− log2 (1− p̂i(wk)), if xi = 0, (19)

and window length w∗ is assigned by equation

w∗ = arg min
k
R(wk). (20)

Thus, compression gain is reached by assigning specific win-
dow length selected by statistical properties of corresponding
source. Therefore, Virtual Sliding Window provides better
compression efficiency in comparison to adaptation mecha-
nism in CABAC [12].

C. Context modeling for 3-D DPCT

In this paper the Contex-Adaptive Binary Range Coder
(CABRC) for entropy coding of 3-D DPCT cube is proposed.
The input of CABRC are cube compression modes, quanti-
zation step and one-dimensional string which is formed after
3-D DPCT, quantization and adaptive 3-D scanning of current
cube. The cube data is represented as a sequence of CABRC
syntax elements (see Table III).

Table III
SYNTAX ELEMENTS ENCODING ORDER IN CABRC

Cube data Syntax element Binary
con-
texts

Non-
binary
con-
texts

Encoding
mode

Skip mode cube skip flag 1 2 Regular
Quantization step delta qp abs value 5 – Regular

delta qp sign 1 – Bypass
Transform type cube dct type 1 2 Regular
Prediction flag cube prediction 1 2 Regular
DC coefficient DC size 15 – Regular

DC abs value 1 – Bypass
DC sign 1 – Bypass

Number of non-
zero AC coeffi-
cients

NAC size 11 – Regular

NAC value 1 – Bypass
3-D scan type 3d scan type 4 4 Regular

3d scan planes 4 – Regular
Zero-run RUN value 63 16 Regular
AC coefficient AC abs value 40 16 Regular

AC sign 1 – Bypass

Also as well as in the CABAC the encoding process for
each syntax element includes:

• Unary binarization (only for non-binary syntax elements);
• Selection of context model for each encoded binary

symbol;
• Encoding binary symbol by binary range coder and

probability updating.
Binarization is a mapping a non-binary syntax element from

CABRC input into a binary sequence called a binary string.
Unary binarization maps a non-negative value x to a sequence
of x zeros and a terminating one. Each binary symbol of this
string is corresponded to binary context.

Encoding of a binary symbol can be carried out in the one
of two modes:

• Regular, when a binary symbol is encoded with proba-
bility estimation by “Virtual Sliding Window“;

• Bypass, when a model with fixed probability estimations
of 0.5 for both zeros and ones is used. In this mode
probability estimation is not updated.

For compression efficiency increase a non-binary contexts
which takes into account source memory are used (see Ta-
ble III). For cube skip flag, cube dct type, cube prediction
and 3d scan type syntax elements the number of non-binary
context is defined by value of corresponded syntax elements in
previous cube. For RUN value and AC abs value the number
of non-binary context is defined by quantity of syntax elements
in cube before current syntax element in scan order.

64



VI. RATE CONTROL ALGORITHM

A. Optimal rate allocation based on Lagrangian relaxation

Rate control algorithms play an important role in video
encoding when channel or storage capacity is limited. In this
case, several coding parameters, such as cube compression
mode and quantization step need to be determined by rate
control at the video encoder side to adapt the video source bit
rate to the channel capacity. At the same time, “good“ rate
control algorithm has to minimize visual video distortion for
given video source bit rate.

Mathematically, for 3-D DPCT codec rate control task can
be formulated as follows. Let us define decision vector for
cube i as ψi = {mi, qi}, where mi is a compression mode,
qi is a quantization step and Ψ = {ψ1, ..., ψN} as a set of
decision vectors for N cubes. Distortion and rate for this N
cubes are defined as

D(Ψ) =
N∑
i=1

d(ψi), (21)

and

R(Ψ) =
N∑
i=1

r(ψi), (22)

where d(ψi) and r(ψi) are distortion and rate for cube i for
decision vector ψi respectively.

Then for N cubes we should determine the set of the
decision vectors Ψ∗ ∈ {Ψ}, so that{

Ψ∗ = arg min
Ψ∈{Ψ}

D(Ψ)

R(Ψ∗) ≤ Rmax,
(23)

where Rmax is bit budget for encoded N cubes.
Rate control task (23) can be solved by using the concept

of Lagrangian relaxation [16]. It can be proved, that for each
λ ≥ 0, the set of decision vectors Ψ∗

λ which minimizes

D(Ψ) + λ ·R(Ψ) (24)

is the solution of the rate control task (23) for Rmax = R(Ψ∗
λ).

From this statement follows that for solving task (23) we
should find λ, so that R(Ψ∗

λ) = Rmax. It can be proved [16],
that R(Ψ∗

λ) is non-increasing function of λ. It means that
necessary λ can be found by using bisection method.

B. Sub-optimal rate control based on Lagrangian relaxation

If the rate-distortion function for cube i is not depend on
decision vectors ψ1, ψ2, ..., ψi−1 for previous cubes, then

min
Ψ
{D(Ψ) + λ ·R(Ψ)} =

N∑
i=1

min
ψi

{d(ψi) + λ · r(ψi)}, (25)

Therefore, solution of the rate control (23) can be written as
Ψ∗ = {ψ∗1 , ψ∗2 , ..., ψ∗N}, where

ψ∗i = arg min
ψi

{d(ψi) + λ · r(ψi)}. (26)

In fact, this assumption does not hold, because rate-
distortion function for cube i depends on CABRC statistics

after compression cube i− 1 and inter-frame predictor distor-
tion which are functions of decision vectors ψ1, ψ2, ..., ψi−1.
However, we propose to use this assumption to avoid the use
of dynamic programming in rate control. Thereby, let us call
algorithm based on (26) as sub-optimal multi-pass rate control
algorithm.

C. One-pass rate control based on adaptive Lagrangian mul-
tiplier selection

Main disadvantage of sub-optimal multi-pass rate control
algorithm is high encoding latency (in proportion to N ) which
is needed in bisection method to find λ, so that R(Ψ∗

λ) is close
to Rmax. Therefore, in this paper the sub-optimal one-pass
rate control algorithm which estimates needed λ value based
on virtual buffer [18] conception is proposed.

Let us define f as a frame rate, n as a number of cubes in
eight frames, bvirt as a number of bits in virtual buffer, c as
a required bit rate and Bmax as a virtual buffer size:

Bmax = L · c, (27)

where L is a required buffering latency at the decoder side
for continuous video playback. Then proposed one-pass rate
control algorithm can be described as follows:

Proposed one-pass rate control algorithm
Step 1. i← 0, bvirt ← 0.

Step 2. λ← λmax
bvirt
Bmax

.

Step 3. For cube i find ψ∗i = arg min
ψi∈Ψ
{d(ψi) + λ · r(ψi)}.

Step 4. bvirt ← bvirt + r(ψ∗i )−
8 · c
f · n

.

Step 5. i← i+ 1.
Step 6. If i < N go to Step 2.

VII. PRACTICAL RESULTS

A. Compression performance comparison for fixed quantiza-
tion step mode

For our experiments proposed video coding algorithm based
on three-dimensional discrete pseudo cosine transform and
H.264/AVC reference software [17] in main profile were used
(see codec’s settings in Table IV). Practical results were
obtained for test video sequences “Akiyo“, “Container“, “Hall
monitor“ and “Mother-daughter“ with 352 × 288 resolution
and a frame rate of 30 fps. Figures 2–5 show relations between
peak signal-to-noise ratio (PSNR) and bit rate for two codecs
in constant quantization step mode. Compression mode m∗

i (q)
for fixed quantization step q for each cube in proposed 3-D
DPCT codec was chosen based on Lagrange cost function
minimization:

m∗
i (q) = arg min

m∈Mi

{di(m, q) + λ · ri(m, q)}, (28)

where di(m, q) and ri(m, q) are distortion and rate for cube i
for compression mode mi and quantization step q accordingly,
λ is a Lagrange multiplier which was determined by using
techniques proposed in [15].
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Table IV
CODEC’S SETTINGS

Setting JM codec v.17.1 3-D DPCT codec
Slice size 50 macroblocks 198 cubes

Motion estimation 8×8 block search in radius 16 –
Skip mode Enable Enable

Transform size 4×4, 16×16 8×8, 8×8×8
Deblocking filter Enable Enable
Entropy coding CABAC CABRC

RD optimization High Complexity Mode Based on (28)
Rate control mode RCUpdateMode=3 See section VI-C

Basic Unit 100 macroblocks 50 cubes

B. Compression performance comparison for constant bit rate
mode

Figures 6–9 show comparison results for proposed sub-
optimal one-pass rate control for 3-D DPCT codec and JM
rate control for H.264/AVC reference software [17] in main
profile.

Practical results show that proposed video coding algorithm
based on 3-D DPCT provides high compression efficiency
at low bit rates in comparison with H.264/AVC both to the
fixed quantization step mode, and to the constant bit rate
mode. At the same time this approach has less computational
complexity, because it uses faster arithmetic coder implemen-
tation, does not use motion estimation for exploiting video
source temporal redundancy and as well as H.264/AVC uses
multiplication-free transform and division-free quantization.
Therefore, 3-D DPCT codec can be used as an alternative
compression method for low bit rate video communication.
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Figure 2. Rate-distortion comparison of 3-D DPCT codec and H.264/AVC
for test video sequence “Akiyo“
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Figure 3. Rate-distortion comparison of 3-D DPCT codec and H.264/AVC
for test video sequence “Container“
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Figure 4. Rate-distortion comparison of 3-D DPCT codec and H.264/AVC
for test video sequence “Hall monitor“
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Figure 5. Rate-distortion comparison of 3-D DPCT codec and H.264/AVC
for test video sequence “Mother-daughter“
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Figure 6. Rate control algorithms comparison for 3-D DPCT codec and
H.264/AVC for test video sequence “Akiyo“, c = 75 kbps.

28

29

30

31

32

33

34

35

0 50 100 150 200 250
frame number

PS
NR

, d
B

Proposed one-pass rate control for 3-D DPCT
JM 17.1 rate conrol for H.264/AVC

Figure 7. Rate control algorithms comparison for 3-D DPCT codec and
H.264/AVC for test video sequence “Container“, c = 75 kbps.
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Figure 8. Rate control algorithms comparison for 3-D DPCT codec and
H.264/AVC for test video sequence “Hall Monitor“, c = 200 kbps.
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Figure 9. Rate control algorithms comparison for 3-D DPCT codec and
H.264/AVC for test video sequence “Mother–daughter“, c = 75 kbps.
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